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Let E be a real q-uniformly smooth Banach space and A : E 2 E be an
 m-accretive operator which satisfies a linear growth condition of the form Ax 
Ž  .c 1 x for some constant c 0 and for all x E. It is proved that if two real
 4  4  4sequences  and  satisfy appropriate conditions, the sequence x generatedn n n
Ž Ž ..from arbitrary x  E by x  x   u   x  z ; u  Ax n 0, con-0 n1 n n n n n n n
 1Ž .verges strongly to some x  A 0 . Furthermore, if E is a reflexive Banach
space with a uniformly Gateaux differentiable norm, and if every weakly compactˆ
convex subset of E has the fixed-point property for nonexpansive mappings and
Ž . EA : D A  E 2 is m-accretive, then for arbitrary, z, x  E the sequence0
 4 Ž Ž ..x defined by x   u   x  z  x  e , for u  Ax , wheren n1 n n1 n n1 n n n n
   1Ž .e  E is such that Ý e   n 0, converges strongly to some x  A 0 .n n
 2001 Academic Press
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value maps; uniformly Gateaux differentiable norm.ˆ
1. INTRODUCTION
Let E be a real normed linear space with dual E. For q 1 we denote
by J , the generalized duality mapping from E to 2 E

defined byq
  ² :   q      q1J x  x  E : x , x  x , x  x , 4Ž .q
1 The research of the second author was supported by the fellowship from the OEA of the
Abdus Salam ICTP, Trieste, Italy, for the Ph.D. program in Mathematics for Sub-Saharan
Africa, at the University of Nigeria, Nsukka, Nigeria.
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² :where . , . denotes the duality pairing. In particular, J J is the2
Ž 	 
.normalized duality map. It is well known see, for example, 36 that J isq
single-valued if E is smooth and that
  q2J x  x J x , x 0.Ž . Ž .q
In the sequel, we shall denote the single-valued generalized duality map by
E Ž .j . A mapping A : E 2 is called accretie if, for all x, yD A thereq
Ž . Ž .exists j x y  J x y such that
² :u , j x y  0 for u Ax and   Ay.Ž .
Ž .The map A is called strongly accretie if for all x, yD A there exist
Ž . Ž .j x y  J x y and k 0 such that
² :   2u , j x y  k x yŽ .
for u Ax and   Ay. If E is a Hilbert space, accretive operators are
also called monotone. An operator A is called m-accretie if it is accretive
Ž . Ž .and R I rA , range of I rA , is E for all r 0. Closely related to the
class of accretive maps is the class of pseudocontractive maps. An operator
Ž . Ž . ET with domain D T in E and range R T in 2 is called pseudocontrac-
Ž . Ž . Ž .tie if for each x, yD T there exists j x y  J x y such that
² :   2u , j x y  x y for u Tx ,   Ty ,Ž .
Ž .and it is called strongly pseudocontractie if for each x, yD T , there
Ž . Ž . Ž .exist j x y  J x y and a constant k 0, 1 such that
² :   2u , j x y  k x y for each u Tx ,   Ty.Ž .
Observe that A is accretive if and only if I A is pseudocontractive and
thus a zero of A is a fixed point of T I A. Interest in accretive
mappings stems mainly from their firm connection with equations of
Ž 	 
.evolution. It is known see, e.g., 38 that many physically significant
problems can be modelled by initial-value problems of the form
1.1 x t  Ax t  0, x 0  x ,Ž . Ž . Ž . Ž . 0
where A is an accretive operator in an appropriate Banach space. Typical
examples where such evolution equations occur can be found in the heat,
wave, or Schrodinger equations. One of the fundamental results in the¨
	 
theory of accretive operators, due to Browder 1 , states that if A is locally
Lipschitzian and accretive then A is m-accretive which implies that the
 Ž .equation x Ax f has a solution x D A for any f E. This result
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was subsequently generalized by Martin 25 to the continuous accretive
Ž . Ž . Ž .operators. If in 1.1 , x t is independent of t, then 1.1 reduces to
1.2 Au 0,Ž .
Ž .whose solutions correspond to the equilibrium points of the system 1.1 .
Consequently, considerable research efforts have been devoted, especially
within the past 20 years or so, to methods of finding approximate solutions
Ž . Ž .when they exist of Eq. 1.2 . In the case that the operator A is strongly
Ž .accretive or equivalently, T is strongly pseudocontractive , the Mann
Ž 	 
. Žiteration scheme see, e.g., 24 has successfully been employed see, e.g.,
	 
.2, 4, 57, 914, 1821, 23, 27, 29, 3135, 37 . All efforts to use the Mann
scheme to approximate a fixed point of a Lipschitz pseudocontractive map
Ždefined on a compact convex subset of a Hilbert space into itself or a
solution of Au 0 for m-accretive operator A defined on a Hilbert space
.into itself proved abortive. This led to the introduction of three iterative
processes which proved successful for this class of nonlinear maps under
Ž 	 
. 	 
the above setting see, e.g., 3, 22, 32 . Two of these schemes 3, 32 have
recently been extended to Banach spaces more general than Hilbert spaces
Ž 	 
. 	 
see e.g., 8, 14 . Furthermore, Mutangadura and one of the authors 11
have very recently constructed an example of a Lipschitz pseudocontrac-
tive map defined on a compact convex subset of a Hilbert space into itself
with a unique fixed point for which no Mann sequence converges.
	 
As has been remarked by Nevanlinna 26 , Lipschitz continuity can be
weakened, in a natural way, in two directions: either by assuming that the
operator satisfies a linear growth condition or by assuming only continuity.
Ž .Now if A is an m-accretive operator with open domain D A in a Hilbert
	 
space H and if f x Ax has a solution, Bruck 2 proved the following
theorem for approximating such a solution.
	 
THEOREM B 2 . Suppose A is a multi-alued monotone operator with
Ž . Ž .open domain D A in a Hilbert space H and f R I A . Then there exist a
Ž .  Ž .1neighborhood ND A of x  I A f and a real number   0 such1
that for any   , any initial guess x N, and any single-alued selection1 1
 4A of A, the sequence x generated from x by0 n 1
1x  x  n  x  A x  fŽ . Ž .n1 n n 0 n
Ž .     Ž 12 .remains in D A and conerges to x with estimate x  x O n .n
 4 Ž .The sequence x  A x conerges C , 1 to f.n 0 n 1
Theorem B is local in the sense that convergence is guaranteed only
when the initial value is chosen close enough to the solution. Nevanlinna
	 
26 gave a global version of this theorem, still in Hilbert spaces, using an
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explicit scheme defined by
1.3 x  x   u   x  z ; u   x n 0,Ž . Ž .Ž .n1 n n n n n n n
 4  4where  and  are positive real sequences satisfying certain condi-n n
tions, by assuming that A satisfies a linear growth condition of the form
    Ax  c 1 x for all xD A .Ž . Ž . Ž .
Now, let E be a real q-uniformly smooth Banach space and A : E 2 E
Ž .be an m-accretive operator which satisfies the growth condition  . It is
1Ž .our purpose in this paper to prove that if A 0 , under suitable
 4  4  4conditions on the real sequences  and  , the sequence x definedn n n
Ž .  1Ž .by the recursion formula 1.3 converges strongly to some x  A 0 .
Furthermore, if E is a reflexive Banach space with a uniformly Gateauxˆ
differentiable norm, and if every weakly compact convex subset of E has
Ž .the fixed-point property for nonexpansive mappings and A : D A  E
2 E is m-accretive, then for arbitrary z, x  E, the iterative scheme0
 4 Ž Ž ..x defined by x   u   x  z  x  e , for u  Ax ,n n1 n n1 n n1 n n n n
   1Ž .where Ý e   n 0, converges strongly to an x  A 0 . Ourn
	 
theorems extend the results of Nevanlinna 26 from Hilbert spaces to the
more general Banach spaces considered here.
2. PRELIMINARIES
Let E be a real normed linear space of dimension  2. The modulus of
smoothness of E is defined by
   x y  x y
      sup  1 : x  1, y   ;  0.Ž .E ½ 52
Ž .If    0  0, then E is said to be smooth. If there exist a constantE
Ž . qc 0 and a real number 1 q , such that    c , then X is saidX
to be q-uniformly smooth. Typical examples of such spaces are the Lebesgue
L , the sequence l , and the Sobolev W m spaces for 1 p . If E is ap pp
Ž 	 
.real q-uniformly smooth Banach space, then see, e.g., 36 the following
geometric inequality holds,
  q   q ² :   q2.1 x y  x  q y , j x  c y ,Ž . Ž .q q
for all x, y E and some real constant c  0. A Banach space E isq
Ž Ž . .   called uniformly smooth if lim     0. Let B x E : x  0 E
41 be the unit sphere of E. The norm of E is said to be Gateauxˆ
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ŽŽ   . .differentiable if lim x ty  x t exists for x and y in B. It ist 0
said to be uniformly Gateaux differentiable if the limit is approachedˆ
Ž .uniformly for x, y  B B. Note that uniformly smooth spaces have
Žnorms that are uniformly Gateaux differentiable a discussion of thisˆ
	 
.concept can be found in 16, 17 .
We shall need the following definition which is a slight modification of
	 
 Ž 	 
.the definition given in 26 see also 3 .
 4  4DEFINITION 2.1. Two sequences  and  of positive real numbersn n
 4will be called acceptably paired if  is non-increasing and there exists an
 Ž .4 Ž .strictly increasing sequence n i of positive integers such that ii1
nŽ i1.1 Ž . 	 
 nŽ i1.1lim inf  Ý   0, ii lim    Ý   0,i nŽ i. jnŽ i. j i nŽ i. nŽ i1. jnŽ i. j
Ž . nŽ i1.1iii lim sup  Ý   .i nŽ i. jnŽ i. j
We remark that in this definition the condition lim   0 is notn
imposed.
Remark 2.2. An example of an acceptably paired sequences is   n1,n
Ž .1 Ž . i Ž 	 
. 	 
  log log n , n i  i see 3 . Furthermore, Nevanlinna 26 gaven
the following technique for constructing acceptably paired sequences. Let
 4h be a decreasing sequence of reals such that lim h  0 and letm m m
 4 Ž .r be a decreasing sequence satisfying lim r r  1. Choose am m m m1
Ž .  Ž .decreasing function 	 s satisfying H 	 s ds  so that for all s  00 0
Ž . Ž . Ž . Ž .there exists  t, s such that 	 s   t, s 	 s t , for s s ; t 0.0 0 0
Ž . sFor example, 	 s  a , a 1 is such a function. Now, fix a number
Ž . Ž .
 0. Set   h ,   r and n 1  1, where n i will be an increasing0 0 1 1
Ž . Ž .function of integers such that   r for n i  n n i 1 . Let  ben i n
 4the largest  h such thatm
n1
  u   u   x  z  	  ,Ž .Ž . Ýn n n n n n jž /j0
Ž Ž ..  4  A x   u   x and for all u  Ax where x satisfiesn n n n n n n n
Ž . n1.3 . Such a  exists since A is continuous. If  Ý   
 then setn jnŽ i. j
Ž .n i 1  n 1, and   r , otherwise keep   r .n1 i1 n1 i
Ž .Remark 2.3. The explicit scheme 1.3 can be written as an implicit
scheme as
x   u   x  z  x  e ,Ž .Ž .n1 n n1 n n1 n n
Ž Ž ..where the error term e   u  u   x  x for u  Ax .n n n1 n n n1 n n n
	 
  4  4It is shown in 26, Proposition 2 that if  and  are chosen accordingn n
    4to the procedure described in Remark 2.2, then Ý e  , and  ,n1 n n
 4 are acceptably paired.n
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In the sequel we shall need the following theorem.
Ž 	 
.THEOREM SR Reich 30, Theorem 1, Remarks 1 and 4 . Let E be a
reflectie Banach space with a uniformly Gateaux differentiable norm, andˆ
such that eery weakly compact conex subset of E has the fixed-point property
E 1Ž .for nonexpansie mappings and let A : E 2 be m-accretie. If A 0 
Ž ., then for each x E the strong lim J x as t  exists and belongs tot
1Ž . 1Ž .  Ž .A 0 and, if A 0 , then for each x E we hae lim J x  ,t t
Ž .1where J  I tA , t 0.t
Note that if A is an m-accretive operator, so is 1A for  0. Thus for
Žeach i, and any z E there exists a unique y  E a real normed lin-i
. 1 Ž . Ž Žear space such that z y   Ay and hence J z  I 1i i i 1 i
. .1Ž . A z  y . Hereafter, y will be as defined here in the arbitrary reali i i
 1Ž .normed linear space E; and x  A 0 will denote the limit of yi
Ž . Ž . defined by lim y  lim J z  lim J z  x , guaranteed byi i 1 t t ti
Theorem SR in a reflexive Banach space with a uniformly Gateauxˆ
differentiable norm and such that every weakly compact convex subset of
E has the fixed-point property for nonexpansive mappings.
3. MAIN RESULTS
We now prove the following theorems.
Ž . ETHEOREM 3.1. Let A : D A  E 2 be an m-accretie operator on a
real q-uniformly smooth Banach space E which satisfies the linear growth
  Ž  .condition Ax  c 1 x for some c 0 and for all x E. Suppose that
 4  4 q ,  are acceptably paired with Ý   and lim   0, x  E,n n n n n 1
 4and z E arbitrary, and the sequence x is defined byn
3.1 x  x   u   x  z , u  Ax ,Ž . Ž .Ž .n1 n n n n n n n
1Ž .  4for all positie integers n. If A 0 , then x conerges strongly ton
 1Ž . 1Ž .  x  A 0 , and if A 0 , then x   as n .n
Ž .Proof. Let n i 2. Then from 3.1 , we have for u  Ax thatn1 n1
x  y  x  y   u   x  z ,Ž .Ž .n i n1 i n1 n1 n1 n1
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Ž .so that by 2.1
qq 3.2 x  y  x  y   u   x  zŽ . Ž .Ž .n i n1 i n1 n1 n1 n1
  q x  yn1 i
² : q u   x  z , j x  yŽ . Ž .n1 n1 n1 n1 q n1 i
qq d  u   x  zŽ .q n1 n1 n1 n1
  q x  yn1 i
² : q u   x  z , j x  yŽ . Ž .n1 n1 i n1 q n1 i
² : q    x  z , j x  yŽ . Ž .n1 n1 i n1 q n1 i
qq d  u   x  z .Ž .q n1 n1 n1 n1
Ž .Since  y  z  Ay , u  Ax and A is accretive we get thati i i n1 n1
² Ž . Ž .:u   y  z , j x  y  0 which gives thatn1 i i q n1 i
² :u   x  z , j x  yŽ . Ž .n1 i n1 q n1 i
² : u   y  z , j x  yŽ . Ž .n1 i i q n1 i
² :  x  y , j x  yŽ .i n1 i q n1 i
  q  x  y .i n1 i
Moreover,
² :x  z , j x  yŽ .n1 q n1 i
    q1 x  z x  yn1 n1 i
1 1q pŽq1.    x  z  x  yn1 n1 iq p
1 1q q        x  y  y  z  x  yŽ .n1 i i n1 iq p
1 1q q q q        c x  y  y  z  x  y ,Ž .1 n1 i i n1 iq p
1 1for p, q 1 such that   1 and for some c  0. Furthermore, using1p q
the linear growth condition
q q
     u   x  z  u  x  zŽ . Ž .n1 n1 n1 n1 n1
q     c 1 2 x  zŽ .n1
q       c 1 2 x  y  2 y  zŽ .n1 i i
  q   q   q c 1 x  y  y  x ,Ž .2 n1 i i
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 Ž .for some c , c  0. These estimates together with 3.2 give that2
  q   q   q3.3 x  y  x  y  q  x  yŽ . n i n1 i n1 i n1 i
 q   Ž .n1 i n1
1 1 1q q q      c x  y  c y  c z1 n1 i 1 i 1½ q q q
1 q  x  yn1 i 5p
q q qq       d  c 1 x  y  y  zq n1 2 n1 i i
  q x  y  q   c    Ž .n1 i n1 i 1 n1 i n1ž
q qq        d  c x  yŽ .n1 i n1 q n1 2 n1 i/p
  q   q c     y  zŽ . Ž .1 n1 i n1 i
q   q   q d  c y  z  1Ž .q n1 2 i
  q x  y  q   c    Ž .n1 i n1 i 1 n1 i n1ž
q qq        d  c x  yŽ .n1 i n1 q n1 2 n1 i/p
 c      d q cŽ .Ž .1 n1 i n1 q n1 2
  q   q y  z  1Ž .i
  q x  y  q   c    Ž .Žn1 i n1 i 3 n1 i n1
q   qd  c x  y.q n1 2 n1 i
 c      d q cŽ .Ž .1 n1 i n1 q n1 2
qq q    y  z  1 for some c max c ,Ž .i 3 1½ 5p
  q 1 b x  yŽ .n1, i n1 i
  q   q a y  z  1 ,Ž .n1, i i
Ž . qwhere b  q   c      d  c and a n1, i n1 i 3 n1 i n1 q n1 2 n1, i
Ž . qc      d  c .1 n1 i n1 q n1 2
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Ž . Ž . Ž . Ž .Now taking i n i and n n i 1 and iterating 3.3 from n i on
we get that
Ž .n i1 1
q q
3.4 x  y  exp  b x  yŽ . ÝnŽ i1. nŽ i. j , nŽ i. nŽ i. nŽ i.ž /Ž .jn i
Ž .n i1 1
q q  a y  z  1 .Ý ž /j , nŽ i. nŽ i.
Ž .jn i
Ž . Ž .Thus, by i  iii of the definition of acceptably paired and the fact that
q Ž . Ž nŽ i1.1 .Ý  , there exists  0, 1 such that exp Ý b   andn jnŽ i. j, nŽ i.
nŽ i1.1 Ž .e Ý a  0 as i . Hence 3.4 yieldsnŽ i. jnŽ i. j, nŽ i.
q q q q x  y   x  y   y  z  1 ,ž /nŽ i1. nŽ i. nŽ i. nŽ i. nŽ i. nŽ i.
and hence
1 q 1 q  3.5 x  y   x  y   y  z  1 .Ž . Ž .nŽ i1. nŽ i. nŽ i. nŽ i. nŽ i. nŽ i.
Ž . Ž .Similarly for n i  n n i 1 we have that
1 q 1 q    3.6 x  y D x  y   y  z  1 ,Ž . Ž .n nŽ i. nŽ i. nŽ i. nŽ i. i
for some D . On the other hand, by the accretivity property of A we
have that
1
3.7 y  y  y  y  Ay  AyŽ . Ž .nŽ i. nŽ i1. nŽ i. nŽ i1. nŽ i. nŽ i1.nŽ i1.
  nŽ i. nŽ i1.
  y  zŽ .nŽ i.nŽ i1.
nŽ i.
   1 y  z .Ž .nŽ i.ž /nŽ i1.
Ž . Ž .From i  iii of the definition of the acceptably paired we get that
Ž . Ž . Ž .lim    1  0. Hence 3.5 and 3.7 yieldi nŽ i. nŽ i1.
3.8 x  y  x  y  y  yŽ . nŽ i1. nŽ i1. nŽ i1. nŽ i. nŽ i. nŽ i1.
1 q    x  y  
 y  z  1 ,Ž .nŽ i. nŽ i. nŽ i. nŽ i.
1 q Ž .where 
       1 0 as i . Moreover, by 3.7nŽ i. nŽ i. nŽ i. nŽ i1.
we obtain
1 
 1nŽ i. 
   y  z  1 y  z  1nŽ i1. nŽ i.
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Ž .and combining with 3.8 yields
x  y x  ynŽ i1. nŽ i1. nŽ i. nŽ i.1 q1 
    
 .Ž .nŽ i. nŽ i.   y  z  1 y  z  1nŽ i1. nŽ i.
1 q ŽNow, since 
  0 as i  and   1 we have that lim x nŽ i. i nŽ i.
     . Ž .y  y  z  1  0, and hence using 3.6 ,nŽ i. nŽ i.
 x  yn nŽ i.
lim max  0.
   y  z  1i Ž . Ž .n i nn i1 nŽ i.
 This shows that x  y  0 as n, i . Hence since weakly com-n nŽ i.
pact convex subsets of E have the fixed-point property for nonexpansive
Ž 	 
.maps see 30 and E is reflexive the conclusion follows from Theorem
SR. This completes the proof of Theorem 3.1.
THEOREM 3.2. Let E be real q-uniformly smooth Banach space and let
E   Ž  .A : E 2 be m-accretie and satisfy the growth condition Ax  c 1 x
for some c 0 and for all x E. Assume   0 and let   l q l1. Ifn n
 4from any initial ector x  E, x satisfies0 n
3.9 x  x   u  bx ,Ž . Ž .n1 n n n n
 4for u  Ax and for all positie integers n and some b 0, then xn n n
conerges strongly to the solution of 0 bx Ax.
Proof. Since A is m-accretive there exists a unique solution y E
Ž . Ž . Ž .such that bI A y 0. Set   b for all n 0, so 3.9 and 3.1 agreen
for z 0. Since by our assumption we have lim   0 and Ý  , wen n
 Ž .4can find a strictly increasing sequence n i of positive integers such that
for some 
 0, we have 
ÝnŽ i1.1  1 for each i and hence we getjnŽ i. j
 4  4that  and   b are acceptably paired. Observe that y  y for all nn n n
and hence converges to y. Therefore, repeating the proof of Theorem 3.1,
we get x  x  y.n
Remark 3.3. If A is maximal monotone on EH, a real Hilbert
1Ž .space, then A 0 is a closed convex subset of E. Moreover, the duality
	 
map J reduces to the identity map. Hence as it is implicitly shown in 3
 1Ž .    1there exists one vector x  A 0 such that z x  inf zu A Ž0.
  4 u and that x converges strongly to x .n
Remark 3.4. If EH, then A is m-accretive if and only if A is
maximal monotone. It then follows from this and Remark 3.3 that Theo-
rems 3.1 and 3.2 are extensions of Theorem 2 and Proposition 3 of
	 
Nevanlinna 26 , respectively, from real Hilbert spaces to the more general
q-uniformly smooth real Banach spaces.
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We now state and prove the following technical lemma which extends
	 
Proposition 1 of 26 .
LEMMA 3.5. Let A : E 2 E be an m-accretie multi-alued operator on
 4  4a real normed linear space E and  ,  be acceptably paired. Let x  En n 1
 4and z E be arbitrary, and let the sequence x satisfy the equationn
3.10 x   u   x  z  x  e , n 0,Ž . Ž .Ž .n1 n n1 n n1 n n
   where e  E satisfies Ý e  . Then x  y  0 as n, i  wheren n n nŽ i.
Ž .n i is as in Definition 2.1.
Ž .Proof. Let n i 2. Then from 3.10 we have that
x  y   u   x  z  x  y  eŽ .Ž .n1 i n n1 n n1 n i n
for u  Ax .n1 n1
Ž .Since  y  z  Ay this givesi i i
1   x  y       y  z   u   Ž . Ž . Ž . Ž .n n n1 i n n n i i n n1 n i
 x  y  e ,n i n
for some   Ay . Thus by first taking the duality pairing of both sidesi i
Ž . Žwith j x  y and then using the accretivity property of A noting thatn1 i
.u  Ax ,   Ay we obtain the estimatesn1 n1 i i
       1   x  y  x  y      y  z  e .Ž . Ž .n n n1 i n i n i n i n
Hence
1
   3.11 x  y  x  yŽ . n1 i n i1  Ž .n n
          y  z  e .Ž . Ž .n i n i n
Ž .Applying induction to 3.11 for n i we get that
n1
1   3.12 x  y  1   x  yŽ . Ž .Łn i j j i i
ji
n1 n1
          y  z  e .Ž .Ž .Ý Ýj j i i j
ji ji
Ž . Ž .  Taking i n i and n n i 1 , and the fact that Ý e  , we havej
that
Ž . Ž .n i1 1 n i1 1
        e  0 as i .Ž .Ý ÝnŽ i. j nŽ i. nŽ i1. j
Ž . Ž .jn i jn i
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Ž . Ž .Moreover, conditions i and ii of the definition of acceptably paired
gives that there exists 
 0 such that  ÝnŽ i1.1  
 . Further-nŽ i1. jnŽ i. j
nŽ i1.1Žmore, since  is non-increasing there exists  1, such that Ł 1j jnŽ i.
.1 NŽ i1.1Ž .1 Ž . Ž .  Ł 1    . Hence from 3.12 for n ij j jnŽ i. j nŽ i1.
Ž . n n i 1 we get that
 3.13 x  y  x  y   y  z  1 .Ž . Ž .n nŽ i. nŽ i. nŽ i. nŽ i. nŽ i.
In particular,
 3.14 x  y   x  y   y  z  1 .Ž . Ž .nŽ i1. nŽ i. nŽ i. nŽ i. nŽ i. nŽ i.
Ž .Now following exactly the method of proof of Theorem 3.1, using 3.13
Ž . Ž . Ž .  and 3.14 in place of 3.6 and 3.5 , we get that x  y  0 as n,n nŽ i.
i . This completes the proof of the lemma.
THEOREM 3.6. Let E be reflexie Banach space with a uniformly Gateauxˆ
differentiable norm such that eery weakly compact conex subset of E has the
Ž . Efixed-point property for nonexpansie mappings. Let A : D A  E 2 be
 4  4m-accretie and  and  be acceptably paired with lim   0. Letn n n n
 4z E be arbitrary, and a sequence x be generated from arbitrary x  E byn 0
3.15 x   u   x  z  x  e ,Ž . Ž .Ž .n1 n n1 n n1 n n
 for u  Ax , where e  E is such that Ý e   for all positie integers n.n n n n
1Ž .  4  1Ž .If A 0 , then x conerges strongly to an element x  A 0 and ifn
1Ž .  A 0 , then x   as n .n
 Proof. By Lemma 3.5, x  y   as n, i . Thus the conclu-n nŽ i.
sion follows from Theorem SR.
COROLLARY 3.7. Let E be a reflexie Banach space with a uniformly
Gateaux differentiable norm and such that eery weakly compact conexˆ
subset of E has the fixed-point property for nonexpansie mappings. Let
Ž .  4A : D E  E E be a continuous and accretie operator. Suppose n
 4and  are defined as in Remark 2.2 and lim   0. Let z E ben n
 4arbitrary, and a sequence x generated from arbitrary x  E satisfyn 0
3.16 x  x   u   x  z ; u  Ax ,Ž . Ž .Ž .n1 n n n n n n n
1Ž .  4for all positie integers n. If A 0 , then x conerges strongly to somen
 1Ž . 1Ž .  x  A 0 and if A 0 , then x   as n .n
Ž . Ž .Proof. Since the recursion formula 3.16 could be written as 3.15
Ž Ž ..  with the error term e   u  u   x  x where Ý e  n n n1 n n n1 n n
Ž .see Remark 2.3 and since continuous accretive operators are m-accretive
Ž 	 
.see, e.g., 16 the conclusion follows from Theorem 3.6.
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Remark 3.8. As a consequence of Remark 3.3, Corollary 3.7 is an
	 
extension of Theorem 1 of 26 from Hilbert spaces H to the more general
Banach spaces considered in the corollary.
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